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(2) Answer all questions.
(3) Figures to the right indicate marks of the question.
4) Follow usual notation.
1 @ If f(z)=u(x, y)+iv(x, y) is differentiable at a=x,+iy, 6
then show that » and v satisfy the equations
ou ov ou ov
_xa :_xa _xa :__xa
ax(o yo) 8y(0 yo) and 8y(oyo) 8x(0 yo).
(b) Prove that if y is a path, then the function of ¢ 4
dz
defined by oc—)jz_a for an o not on the path is
r
a continuous function of .
(©) Define Length of a curve. Find the length of a 4
circle with center ¢ and radius .
OR
1 (@ Let >a,cz" be the power series, then show that 6
there exists a number r >0 such that the series
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converges for every z such that |z|<r and diverges

1

for every z such that |z|>r where r= -
lim sup.| a, |;
() Let w= f(z). Assume that f is differentiable at z 4
and g is differentiable at w, then gOf is
differentiable at z and (g0f) (z)=g (f(2))f (z)-

(© If f and g are differentiable at z and g(z)#0, 4
then prove that :

2(2)f (2)- f(2)g (2)
[g(2)]

0 (f18) @)=

@ (fe)(2)=f ()g2)+ f(2)g (2)-

2 (a Let R be a rectangle and let f be a function 6

holomorphic on R. Then JBR S=0.

(b) Let f be a continuous function on U. Let y be a path 4
in U then show that |[.,./|< /1, L(r).

(© Expand f (Z):(z—l)lm for the following domain 4
@ 04zl
@ 1<z|<2.
OR
2 (@) Let vy and m be two continuous paths in an open 6

set U and they have the same beginning and end-
point. Also they are close together. Let be f

holomorphic on U then { /= TJ; f.

(b) Evaluate IyRe(z)dz where : 4

@ v is the line segment from 0 to a+ib.
@) v 1is the circle |z|=R.
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If f is bounded in some neighborhood of Z,, then one

can define f(z) in a way such that the function is also

analytic at Z,.

2 Lde m

Show that =
ow tha 01+2a2—c0s6 V1+d?

o 1
Prove that e=e+€2i:1;(2—1)n.

Evaluate I zdz

Y
@  y@)=e™; 0<r<1

@ y@)=e ™; 0<r<1.
OR

State and prove local Cauchy formula.

2z do kive]

Prove that = for O<b<a.

3

2
(a+bcosB) =
’ (a® - b?)2

z
cosSe

Evaluate JC , where C 1s a unit circle.

z

State and prove cauchy residue formula.

If f(z) has simple pole at z, and g(z) is holomorphic

at z  then prove that Reszo (fg):g(zo)ResZOf.

o

Let f be an entire function without zero's then prove

that there exists an entire function h(z) such that

f(2)=e".
OR
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4 (@ Let u be continuous on the closed unit disc 7, and 6

harmonic on the disc D. Let there exists an analytic
function f on D such that u=Re(f), then show that

1 J- E+zu(§)
2mi'CE—z §

and k 1s a real constant.

f(2)=

d&+ik = where C is the unit circle

o0

1 1
) Prove that TCOtMz=—+2z) > 5. 4
z n=12 —H
L . . of
(© Show that f=u+iv is analytic if and only if 8—20. 4
Z
5 (@) Define Weierstrass function P(z) show that : 6

: 2
P (2)==5+68,24208,2 +...
z

() Let f be an entire function of strict order <p. Let 4

Vi(R) be the number of zeros of f in the disc of

radius R. Show that Vf(R)<<Rp.

(0 Let u be harmonic. Show that ,2 is subharmonic. 4
OR
5 (@ Define a dirac sequence {K,}. Let f be continuous 6

and periodic then show that the sequence {X, *f}

converges to f uniformly.
() Let f be analytic on A and on its boundary C. Show 4
that Green's theorem implies Cauchy's theorem.

(© Show that if u,u, are sub-harmonic and ¢,c, are 4

positive numbers then cju +c,u, is sub-harmonic.
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